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CALCULATION OF HEAT TRANSFER IN NOZZLES 

B. P. Mironov 

Zhurnal I~rikladnoi Mekhaniki i Tekhnicheskoi Fiziki, Vol. 7, No. 4, pp. 116-120, 1966 

The author proposes a simplified method for calculating the heat 
transfer in subsonic and supersonic nozzles. The method is based on 
a solution of the energy equation using relative heat transfer laws. 

The in tens i ty  of heat  t r a n s f e r  in nozz l e s  depends  
on many  f ac to r s  such, fo r  example ,  as  gas  f lowrat% 
g e o m e t r i c a l  d imens ions ,  c o m p r e s s i b i l i t y ,  non i so -  
t h e r m i c i t y ,  length of p r econnec t ed  sect ion,  roughness ,  
c h e m i c a l  r eac t ions ,  e tc .  

F o r m u l a s  for  ca l cu l a t i ng  the hea t  t r a n s f e r  in noz-  
z les  we re  obta ined  in e x p e r i m e n t a l  s tud ies  [1 -5 ] .  In 
these  f o r m u l a s  the bas i c  p a r a m e t e r s  a r e  the gas  f low- 
r a t e  and the nozz le  d i m e n s i o n s .  The effect  of o the r  
f a c t o r s  is  taken into account  somewhat  a r b i t r a r i l y ,  
for  example ,  by s e l e c t i n g  a c o r r e s p o n d i n g  c h a r a c t e r -  
i s t i c  t e m p e r a t u r e ,  in t roduc ing  c o r r e c t i o n  f ac to r s ,  
and so on. 

More  ef fec t ive  r e s u l t s  can be obta ined by combin ing  
e x p e r i m e n t a l  da ta  with t h e o r e t i c a l  methods  that  take 
into account  the longi tudina l  deve lopmen t  of the t h e r m a l  
boundary  l a y e r .  In [6, 7] Ba r t z  g ives  an a p p r o x i m a t e  
t h e o r e t i c a l  so lu t ion  of the p r o b l e m  of hea t  t r a n s f e r  in 
n o z z l e s .  In this  so lu t ion  the f r i c t ion  law obta ined  fo r  
an i n c o m p r e s s i b l e  gas  is ex tended to include c o m -  
p r e s s i b i l i t y  by in t roduc ing  an " a r i t h m e t i c  m e a n "  c h a r -  
a c t e r i s t i c  t e m p e r a t u r e .  In [8] Repik  and Chekal in  
p r o p o s e  a ca lcu la t ion  method  based  on a c e r t a i n  ef -  
fec t ive  length which t akes  into account  the p rev ious  
h i s t o r y  of deve lopmen t  of the boundary  l a y e r .  The 
p r e s e n t  p a p e r  e x a m i n e s  a s i m p l i f i e d  method  of de -  
t e r m i n i n g  the hea t  t r a n s f e r  in nozz les  b a s e d  on a 
so lu t ion  of the e n e r g y  equation us ing  r e l a t i v e  hea t  
t r a n s f e r  l aws .  
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F o r  a x i s y m m e t r i c  flow in the absence  of a t r a n s  v e r s e  
m a s s  flux the equat ions  of the t h e r m a l  boundary  l a y e r  
in i n t e g r a l  fo rm m a y  conven ien t ly  by wr i t t en  as  [9] 
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Fig .  2. F(x) as  a function of x and k. The 
c u r v e s  1, 2, 3 c o r r e s p o n d  to the values  

k =  1.2, 1.4, 1.67. 

He re  r is the v a r i a b l e  nozzle  rad ius ,  x a coo rd ina t e  
r eckoned  a long the g e n e r a t o r ,  L a c e r t a i n  c h a r a c t e r -  
i s t i c  length, p, w, P0, w0 the dens i ty  and ve loc i ty  in 
the boundary  l a y e r  and a t i t s  o u t s i d e e d g e ,  n the r e -  
c o v e r y  vactor ,  k the ad iaba t i c  exponent,  M the Mach 
number ,  #0, #00 the values  of the dynamic  v i s cos i t y  
a t  the t h e r m o d y n a m i c  To and s tagna t ion  Too t e m p e r a -  
t u r e s ;  the s u b s c r i p t  w denotes  the p a r a m e t e r s  a t  the 
wa l l ;  q, is  a r e l a t i v e  quant i ty  r e p r e s e n t i n g  the r a t io  of 
the Stanton number  S under  the given condi t ions  (i. e . ,  
in the p r e s e n c e  of c o m p r e s s i b i l i t y ,  non i so the rmic i ty ,  
c h e m i c a l  r eac t i ons ,  e t c . )  to the Stanton n u m b e r  on a 
f la t  p la te  at  the s a m e  values  of R~*, but in the ab -  
s ence  of p e r t u r b i n g  f a c t o r s .  

The value of ~I, tak ing  into account  the effect  of non- 
i s o t h e r m i c i t y  and c o m p r e s s i b i l i t y  can be found both 
e x p e r i m e n t a l l y  and on the b a s i s  of the t heo ry  of l i m -  
i t ing l aws .  In a c c o r d a n c e  with [10], 

2 ~2 [arc tg V ~  M / .  (3) 
~ = ( r  t i/1/-, . (k -- t) M 

D. B. Spalding, a p p r o x i m a t i n g  the f o r m u l a s  p r e -  
s en ted  in [8], has  p r o p o s e d  the fol lowing e x p r e s s i o n  
for  ~: 

R J ' =  I~__{(~.~) '/2' -~, t }~" i k - - t M . 2 1 - 1 - ~ n - - ~  . (4) 

The i n t e g r a l  of Eq.  (1) is equal  to 
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Having (2), (3), and (5), we can d e t e r m i n e  the val-  
ues of the heat  t r a n s f e r  coeff ic ients  along the length 
of the nozz le .  The val idi ty of this method is con f i rmed  
in [9]. However ,  this calcula t ion is r a t h e r  labor ious .  
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Fig.  3. Compar i son  of t heo re t i c a l  cu rve  with 
e x p e r i m e n t a l  data of [1] at ~ = 0 .637-0.765.  

Below we will  c o n s i d e r  ce r t a in  s impl i f i ca t ions  of the 
t heo re t i c a l  method, which make  poss ib le  a c o n s i d e r -  
able  reduct ion in the volume of ca lcula t ion .  At the 

s a m e  t ime,  the gene ra l i t y  of the method is p r e s e r v e d  
and the a c c u r a c y  r ema ins  good enough for  p r a c t i c a l  
pu rpos es .  

We wil l  c o n s i d e r  a subsonic  nozz le .  Since in this 

c a s e  the t he rmodynamic  flow t e m p e r a t u r e  va r i e s  only 
s l ight ly  a long the length of the nozzle ,  the ra t io  P0/  
/P00 is c lose  to unity. If we in t roduce  a ce r t a in  mean  
wall  t e m p e r a t u r e  T w and a s s u m e  that it is constant  
a long the length of the subsonic  par t  of the nozzle ,  then 
the value of ,I, in (5) may  a l so  be cons ide r ed  constant .  

This  a s sumpt ion  is p e r f e c t l y  p e r m i s s i b l e  in d e t e r m i n -  ** 
ing R T for  finding S o f rom the s e c o n d o f E q s .  (2), s ince  
in this equat ion R~* is p r e sen t  to the power  m --- 0.25. 
In o r d e r  to find 8 f r o m  (2), the e x p r e s s i o n  for,I,  may  

be taken as a function of x.  
Any a x i s y m m e t r i e  nozz le  contour  can be r e p r e s e n t e d  

as cons i s t i ng  of a s e r i e s  of conic sec t ions  (Fig.  1). 
We take the or ig in  fo r  ca lcu la t ing  coord ina te  x a long 
the g e n e r a t o r  as shown in Fig .  1, i . e . ,  at the be-  

ginning of each conic sec t ion .  The length sca le  L for  
each sec t ion  

D ~ 
Li == sin 1/,~i- " (6) 

H e r e  D ~ is the inlet  d i a m e t e r  of the conic  sect ion,  fli 
is  i ts  to ta l  t a p e r  angle  (0 < f i l l 2  < 90~ 

We e x p r e s s  the var ia t ion  of the p a r a m e t e r s  a long 

the nozz le  in t e r m s  of the cont inui ty  equat ion 

woPo = Di ~ (7) 
w~ ~ Di2  �9 

H e r e  D i is the va r i ab l e  nozzle  d i a m e t e r .  F o r  a 
conve rgen t  nozz le  

D i / D i  ~  i - -  2 x i  ( 0  ~ x ~ 0 . 5 ) .  

Equat ion (5) can now be reduced  to the fo rm 

z ~  **~1.25 ~0.8 R r * *  - -  i ( 0 . 0 3 i 5  tFRiO [ i  - -  ( i  - -  2x0~  + 
i- 2X i - . 0 . 7 5 [  .D �9 ]xi~o I 

wo o D o 

Ri~ Woo sin ~/213r " 

Here  the inlet p a r a m e t e r s  a r e  denoted by the sign ~ 
The values of B and M have been taken as 0.0252 and 
0.25 r e spec t i ve ly .  

The heat t r a n s f e r  coeff ic ients  in each conic sect ion 
a r e  found f rom the express ion  

3BOOGcp'T'So ( 9 )  
ct i ~ 3600ToWocpS 1/4 n (1 - -  2xi )~Di  ~ " 

H e r e  G is the gas f lowrate  through the nozzle  pe r  s e c -  
ond, and c t is the spec i f ic  heat .  

Final ly,  we have 

a -- 57.8G%~ (i0) 
(t  - -  2xi )2Di  ~ ( R r * * ) 0 ' 2 5 P  0'75 ' 

where  values of R T a re  found f rom Eq. (8). 
We will  now cons ide r  the superson ic  par t  of the 

nozz le .  F o r  this par t  it is a l so  poss ib le  to a s s u m e  the 
cons tancy  of a ce r t a in  mean wall  t e m p e r a t u r e .  At 
m o d e r a t e  values of M _< 3 we may a s s u m e  that (p 0/ 

/P00) ~ ~ 1. Fo r  example,  for a i r  (p0/#00) ~ = 0.9 
at M = 3, In p rac t i ce ,  the contour  of the superson ic  
par t  of the nozzle  is often conical  or canbe  suff ic ient ly  
c lose ly  approx ima ted  by a s ingle  conic sec t ion .  Here,  
as  d is t inct  f rom in the subsonic  part ,  the function 
~I, v a r i e s  apprec iab ly  with r e s p e c t  to x. However ,  at 

T w = const  the fac to r  in Eq. (3) containing the ra t io  
, 

T w / T  w can be taken out of the integrand,  s ince  T *  
s c a r c e l y  changes along the length of the nozz le .  Thus, 

with account  for (7), Eq. (5) for  a d ive rgen t  nozz le  
becom es  

R ~ * * -  i [ ( 1 + , . ) ~ r  ~ ,-" 
1 4- 2xi [ 2p ,I.7~ I i~ Tw/1,w. + 1 ) :< 

xi  - -  ~ D m--1 , l + , ] ~ -  
~ / a r c t g  l f l / 2 n ( k - - l )  M ) ( ~ , )  dx i k ( R r *  )xi=, l  ] , 
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Fig .  4. Com par i son  of t heo re t i c a l  c u r v e s  and 
e x p e r i m e n t a l  data [9] for  ~ = 0 .580-1 .48  M _< 
_< 2,9 (convergent  pa r t s  approx ima ted  by t h r ee  

con ica l  s u r f a c e s  ; continuous cu rve  based  on 

{8), (10), b roken  cu rve  based on (5)). 

H e r e  the nozzle  th roa t  p a r a m e t e r s  a r e  denoted by a 
an *. F o r  a one -d im ens iona l  flow the values of M a r e  

uniquely r e l a t ed  with the ra t io  Di /D  , o r  with the co-  

o rd ina te  x i. Thus, the in tegra l  of Eq.  (11) can be 

eva lua ted  and tabulated.  F i g u r e  2 g ives  values of this 
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in tegra l  for different  k at n = 0.9. Since (#o/Poo)  = 

= (T0/T00)q, while T0/T00 is a function of the M n u m -  
be r  and hence of the coordinate  xi, the in tegra l  of 
Eq. (11) can be tabulated without a s suming  that ( P o /  
/#00) m ~ 1. This is des i rab le  when M > 3 and when 
the exponent q is known for the condit ions in quest ion.  

Thus,  for de t e rmin ing  the heat t r a n s f e r  coef- 
f ic ients  in the nozzle we obtain the equat ions (B = 
= 0.0252, m = 0.25) 

Rr** l /0.0t57R ( 2 )~ 
+ 2 ~ / p ~ . ~  * ~" (~) + 

�9 , 1,25 ~0"$ 
+ ( n ~  )~,=o/ ' 

= 57.sC~V po t ~ (12) 
(i -]- 2x~)~D, ~ (Rr**)~ ~ \ ' ~1  " 

Values of F(xi) a re  given in Fig. 2; xi is reckoned 
from the throat  sec t ion.  The value of R~?* at x i = 0 
is known from the calcula t ion for the subsonic  par t  
of the nozzle .  

When it is n e c e s s a r y  to approximate  the nozzle  con-  
tours  by s eve ra l  conic sect ions ,  the f i r s t  of Eqs .  (12) 
changes form.  In the notat ion of Fig.  1, the heat t r a n s -  
fer  is ca lcula ted f rom 

w,p,D,  (~e5 = ~a'), 
B, = R,' = ~oo sin V2135 ~ 

R," - -  w,p,D,  (x~>xd).,  
p, oosin %$5" 

n,** - i f0.0i57 n , -  ( _2 ~ IF ( , ~ ) -  F (*;)l + 
4~*~ [e-~ w-.~ ~ V ~ - e ~ J  

4- [(1 -}- 2xa) RT**I 1.25 ]0.8 

In this case,  too, the values of x 5 a re  reckoned 
f rom the throat  sec t ion  i r r e s p e c t i v e  of whether  the 
supe r son ic  par t  of the nozzle  cons i s t s  of one or m o r e  
conic sec t ions .  This is poss ib le  thanks to re la t ion  

(6), as a resu l t  of which x5 is a function only of the 
ra t io  of the d i a m e t e r s :  

x~ : 0.5 (Dt /D, - -  1). 

As a result of these simplifications, equations con- 
venient for calculation are obtained. The labor of 
calculation can be substantially reduced, if all the 
cofactors of the equations containing x are tabulated. 

In Figs. 3-5 the experimental data and data cal- 
culated from Eq. (5) and by the simplified method 
(Eqs. (8),  (10), (12)) a re  compared.  As may be seen 
f rom the graphs ,  the ag r eemen t  between theory  and 
expe r imen t  is quite sa t i s fac tory .  An exception is  
fo rmed  by Bak i rov ' s  data for  the throat  sect ion only, 
which a re  cons ide rab ly  lower  than the ca lcula ted  

values .  
The re la t ive  law of heat  t r a n s f e r  ~I, de se rves  specia l  

a t ten t ion .  For  the subsonic  par t  of nozzles  the effect 
of the M n u m b e r  on ,I~ can be neglec ted  and thus in this 

zone the quanti ty ,I, depends a lmos t  exc lus ive ly  on the 
t e m p e r a t u r e  factor  

T;,, = T,~, _ _ r  
T~2 T0 

 'im: t-b I 
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Fig.  5. Compar i son  of ca lcula t ions  with the 
expe r imen ta l  data of [4] (convergent  par t  ap-  
p rox imated  by a s ingle  conic sec t ion) ;  r _> 
-> 0.225 M _< 2.6. Curves  a, b co r r e spond  to 
exper imen t s  at p r e s s u r e s  of 6 �9 10 ~ N/m 2, 
1.38 �9 106 N/m 2, the stepped curve  1 co r -  
responds  to c a l o r i m e t r i c  m e a s u r e m e n t s .  

In the above examples  ~b < 1. The publ ished ex-  
p e r i m e n t a l  data on the effect of the t e m p e r a t u r e  fac-  
to r  on heat  t r a n s f e r  at r < 1 a re  r a the r  cont radic tory ,  
and thus there  is s t i l l  no unanimous  opinion about 
the dependence of ~ on r at ~ < 1. 

In accordance  with the theory  of l imi t ing  laws, at 
r < 1 the function ,Is i n c r e a s e s  with dec rea se  in r In 
this case the co r r ec t i on  for f inite R~* n u m b e r s  has 
an apprec iab le  effect on ,Is only at sma l l  values of r 

The theore t i ca l  and expe r imen ta l  data p r e sen t ed  in 
Figs .  3 - 5  conf i rm the r e g u l a r  qual i ta t ive  and quan-  
t i ta t ive  inf luence of,Is on heat t r a n s f e r  at r < t .  The 
values of ,Is in (10), (12) for  r c lose  to uni ty were  ca l -  
culated f rom the l imi t  fo rmula  (3), while for  sma l l  
values of r with account  for f inite R~* n u m b e r s  [8] 
and under  the condi t ions  cons ide red  the value of 
var ied  f rom 1.1 to 1.3. Since in (10), (12) the R~* 
n u m b e r  is p r e se n t  to the power 0.25, values of �9 for 
d e t e r m i n i n g  R~* f rom (5) were  found f rom the l imi t  

re la t ions  (3), (4). 
It should be men t ioned  that theore t ica l  ca lcu la t ions  

us ing  the function ,Is make  it poss ib le  to ca lcula te  the 
heat  t r a n s f e r  in nozz les  under  nons t a t i ona ry  condi t ions .  
The proposed s impl i f i ed  method can a lso  be extended 
to the case  of va r iab le  wall  t e m p e r a t u r e .  For  this it 
is n e c e s s a r y  to average  the wall  t e m p e r a t u r e  within 
the l imi t s  of each conic sec t ion .  We note that this 
s impl i f i ed  method always p e r m i t s  e s t ima t ion  of the 
e r r o r  in t roduced  as compared  with the exact method 

on Eq. (5). 
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